Introduction
We are concerned with approximate solutions for the following system of linear equations: u = ?Arp; r u + cp = f; in (1.1) subject to the Neumann boundary condition: u = g; on ?:
Here r is the gradient operator; R 2 is an open bounded domain with boundary ?;
indicates the outward unit normal vector along ?; A = (a ij ) 2 2 is a symmetric and positive de nite matrix uniformly in . Mixed nite element methods 6] shall be employed to discretize the system (1.1). Our attention is focused on nite element partitions of into convex quadrilaterals. In 18], a quadrilateral mixed element has been introduced and analyzed for second order elliptic problems. The quadrilateral elements were constructed by using local mapping techniques for any stable rectangular space such as the , BDFM 4] , and DW 10] spaces. Details can be found in 18] or Section 2.
The objective of this article is to investigate superconvergence phenomena for the approximate solution of (1.1). Such a study is important in applications to mathematical modeling of uid ow in porous media since the modeling process requires the determination of a very accurate velocity. If there are places (points or lines) where the approximate solution is more closer to the exact solution than what was predicted by the optimal global error estimate, it would be advantageous to make use of those points or lines in the modeling process.
Various superconvergence results 9, 12, 11, 17] have been established for the mixed nite element approximations of (1.1) on regular rectangular elements. This article shows that similar superconvergence holds true when quadrilateral elements 18] are employed in the nite element method.
The paper is organized as follows. In x2, we review the construction of mixed elements over quadrilaterals. In x3, we present a general framework for convergence/superconvergence estimate. In x4, we state the main result of this paper. In x5, we show all the details in the superconvergence analysis. Finally, we present some numerical results in x6. There are two major steps in the general superconvergence analysis. First, one compares the nite element approximation with an appropriately-chosen interpolation of the exact solution in the nite element space. This di erence is often far smaller than the global optimal error estimate. Second, one investigates the relation between the exact solution and its interpolation. The objective here is to nd special points where the interpolant super-approximates the exact solution. The interpolant is usually locally-de ned so that the second step is easy to be carried out.
For the mixed method, the interpolant for the pressure unknown is given locally as follows. which implies (3.3) by using the standard stability argument 6].
Main results
A quadrilateral partition T h is said to be uniform if all the elements of T h are parallelograms of same shape and size. T h is said to be h 2 -uniform if there exists an absolute constant C such that (a) each element e 2 T h is an h 2 -parallelogram in the sense that kp 1 ? p 2 + p 3 ? p 4 k Ch 2 , and (b) any two adjacent quadrilaterals (see Figure 2 ) form an h 2 -parallelogram in the sense that kp 4 
This completes the treatment of the second term on the right-hand side of (3.3). The estimate for the rst term on the right-hand side of (3.3) is a bitter more complicated, and will be presented in the next section.
Some technical estimates
The objective of this section is to provide an estimate for a(u ? u; v) useful in the superconvergence analysis. The estimate will be derived for the Raviat-Thomas element of order k 0. The same argument can be carried over to the BDFM elements with a minor modi cation in the analysis. There are two key steps in the derivation of (5.3). In the rst step, we shall investigate some integrals over the reference elementê which are related to the bilinear form a( ; ). A careful expansion for the integrals will be established. In the second step, we make use of the results established in the rst step by transforming the element integrals in (5.4) into integrals over the reference element. The following two lemmas will accomplish the goal set in the rst step. which gives the required superconvergence estimate. 6. Numerical results The objective of this section is to con rm the superconvergence result through numerical experiments. The Raviart-Thomas element of lowest order is employed in the computation on various domains. All the examples tested have exact solution p = sin(x) sin(y) with c = 1, and the velocity can be computed by using the rst equation of (1.1).
The error between the approximate solution (u h ; p h ) and the projection ( u; Q h p) is measured in L 2 and L 1 norms. Note that the theory predicts the following error estimates: kp h ? Q h pk 0 Ch 1 ; ku h ? uk 0 Ch 2 with 1 = 2 in all examples tested below. The index 2 is mesh and problem dependent. The least-square method will be employed to provide an estimate on the index i .
Example 6.1. The domain = (0; 1) (0; 1) and the coe cient matrix A is chosen as the identity matrix. The Dirichlet boundary condition is considered in the computation, and the result is illustrated in Table 1 . The nite element partition T h is obtained by a sequence of uniform re nements on the coarsest level. For example, the partition T h corresponding to J = 1 is given by breaking into four smaller rectangles by connecting the midpoints of each pair of opposite edges of . It is clear that the mesh size for T h is h = 2 ?J .
The last row in Table 1 Figure 4 . The di erential equation and the boundary condition are the same as in Example 6.1. The computational results are presented in Table 2 . In particular, the theory gives a superconvergence with 2 = 1:5 when k = 0. The numerical estimate on 2 for this example is 2 = 1:89 which is clearly better than the theory. No superconvergence is seen for the approximate velocity in the L 1 norm.
Example 6.3. The domain is shown in Figure 5 . The initial partition contains three quadrilaterals. The coe cient matrix is given by A = 1 + e y 0:5 0:5 1 + e x Again, the Dirichlet boundary condition is used in this test. The superconvergence result in Section 4 is applicable to Example 6.4, which predicts a convergence with 2 = 2 for the velocity. Our numerical experiments reveal a better convergence in this test.
